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1 Introduction 



Well known shortcoming of the three dimensional integrability, connected with 
the tetrahedron equation, is the remarkable poverty of the models. Actually, 
there exists only one nontrivial complex of solutions of the tetrahedron equation, 
which has statistical mechanics, field theory and "classical" (i. e. functional) 
forms. In the statistical mechanics, when the number of states is finite, the 
model is called Zamolodchikov - Bazhanov - Baxter model [0, || . It is known 
almost everything (except the most complicated aspects, concerning the struc- 
ture of eigenstates of the transfer matrices and the correlation functions) about 
this model, namely: the partition function ^, the vertex - IRF correspon- 
dence [5) , affine Toda field theory and field theory operator R - matrix 
[7, pj, and the transition from the infinite number of the states to finite one 
[3,0, and finally, the functional R - operator as the sequence of the permuta- 
tion relations for the field theory R - matrix ||, |lOj. Here one should mention 
that there exists an hierarchy of the operator R - matrices which corresponds to 
several partial specifications of the spectral parameters of ZBB matrix weights. 
There must exist a reverse way, obtaining of more complicate R-s in the hier- 
archy in terms of simplest (some sort of the fusion). Also one may mention 
the interpretation of the projection of 3D operator R - matrices in terms of a 
representation of some specific Drinfeld double . 

From the other hand side there are a lot of solutions of the functional tetra- 
hedron equation. Moreover, we've got infinitely many such solutions versus 
one specific given by the complex mentioned above. 

Recall that usually the functional tetrahedron solution appears when one 
considers so - called local Yang - Baxter equation (LYBE) which is a 

proper generalization of the zero curvature condition for two dimensional sys- 
tem. Namely, let Lj.j (x) be matrices of weights of the Yang - Baxter type, and 
X stands for their formal parameters. Then LYBE 

Li2{x) ■ Lisiy) ■ L2z{z) = ^23 (2) • -^13 (?7) • Li2{x) , (1) 

when it is nondegenerative with respect to x, y, z, gives the functional map from 
{x, y, z} to {x, y, z} by 

X = fi{x,y,z) , y = f2{x,y,z) , z = r^{x,y,z) , (2) 

Usually the functional operator Rij^k, giving this map, is introduced: 

Ri.j,k ■ cj){Xi,Xj,Xk) = (j){xi,X.j,Xk) , (3) 

Xi = ri[x.i,Xj,Xk), Xj = f2{xi,Xj,Xk), Xk = faixi.Xj^Xk) , (4) 
where (f) is an arbitrary function. Considering the quadrilateral formed by six 
L-s 

Ll2(fl) • ^13(^2) • -^^23(^3) • Li4{x4) ■ L24:{X5) ■ L3i{xe) = 

= L34{yfi) ■ £24(275) • £14(2/4) • £23(^3) ■ £13(2/2) ■ £12(2/1) , (5) 
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one obtains rhs by two different ways, first starting from -^12^13^24, second 
starting from ^23 -^24^34- This gives the equivalence of two successive apphca- 
tions of RijM- 

^123 • ^^145 • (-R246 • (^356 ' '/'[^l , •■ ^e]) ) ^ = 

= R3.bG ■ ^-^246 • (-R145 • (-R123 • 4>[xi,-;Xq])^ ■ (6) 

This is the functional tetrahedron equation (FTE). Q 

In the case when the local weights La.b{x) have the structure of the ferro- 
electric type free fermion model's weights, the irreducible part of eq. (|^) can be 
extracted in the form of Korepanov's equation 

^12(0') • Xi3(y) • X23(z) - X23(i) • ■ ^12(2?) , (7) 

where ' • ' means the matrix multiplication of 



^12 (x) = 
^13(2') = 



X^six) = a{x) b{x) , (8) 



a{x), ...,d{x) are in general some matrix functions. Eq. and its connection 
with the functional tetrahedron equation was investigated in in most general 
case. There was proven that there exists a wide class of the solutions of FTE 
associated with eq. (R). A subset of the solutions of FTE was described in , 
[ p^ and resently in |]17[. These are the cases when a,b,c,d are some numeric 
functions of single variable x. Nevertheless, the solution of FTE associated with 
the ZBB complex is still not described in terms of LYBE (moreover, we suspect, 
this is impossible at least in terms of the Korepanov's equation (^). 

So, what we wished to say by this long introduction. From one hand 
side a plenty of the solutions of FTE exist, these solutions are associated with 

^ Here one should mention the successful attempt to obtain 3D _R — matrix directly from 
the similar consideration of the Zamolodchikov - type algebra for two dimensional Lfj , where 
as - indices of 3D R - matrix . This R — matrix obtained appeared to be some special 
case of the R - matrix for ZBB model. 
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LYBE (LYBE makes FTE obvious), but we have no skill to quantize them. 
From the other hand side, only one model is the whole complex, i. e. it exists 
in the statistical mechanics form, field theory form and a functional transfor- 
mation form, moreover, there exists a well defined way to obtain the statistical 
mechanics and the field theory from the functional form, but we do not know a 
sort of a linear problem (like LYBE) for this. 

In this paper we try to give the answer to all these questions. We suggest 
some formulation of two dimensional system associated with 2D lattice, which 
is not Yang - Baxter type system (i. e. we do not interpret the vertices as 
matrices of weights or anything equivalent), but nevertheless the usual graphic 
pictures remain as well as a sort of zero curvature condition, FTE and so on. 
Our formulation resembles the electric networks, when the star - triangle equiv- 
alence gives the electric network solution of FTE (well described in terms of 
Korepanov's equation jl^, |l^) but originally this equivalence is not LYBE at 
all, it is just a resoldering of the resistances. What we suggest, it is just a proper 
generalization of Kirchhoff 's rules in terms of arbitrary 2D networks formed by 
rectangular vertices. Such formulation is not equivalent to the usual LYBE-s 
in general. The functional transformation corresponding to ZBB complex is a 
partial case of our functional transformation. There is a sort of fusion in the 
system proposed, and the ferro-electric case is just a subspace of a partial case 
of fused system. 

2 Formulation of the system and R — operator 

Consider 2D graphs formed by the usual oriented rectangular vertices. Each 
vertex has four adjacent fields. Assign to these fields some variables, currents, 
for the vertex shown in fig. ^ denote them J, J'; $, Suppose these current are 
additive for any field of the 2D network, and for any closed field let the sum of 
the currents belonging to this field and corresponding to the surrounding vertices 
be zero (it is supposed that all the currents assigned to any vertex flow into this 
vertex) - see fig. ^ and considerations for it for an example. Suppose also the 
currents assigned to the vertex Vk obey some condition, Vk{Jk, J'k, ^k,^'k) = 
(obviously, this condition must be a set of linear relations homogeneous with 
respect to the currents). Thus, for any open network there appears some con- 
dition for outer currents. Two networks are equivalent if their such conditions 
coincide. For example, the evolution of 2D network is given by the condition of 
the equivalence of the left hand side type and right hand side type graphs, as 
it is drawn in fig. (|^). Solving such equivalence condition with respect to the 
parameters of in rhs, we obtain a solution of FTE. 
Now fix the form of V{J, J', $') (a sort of Ohm's law): 

$ = i w • J , $' = -iu • J , 

$ = -iu ■ J' , ^' = iw ■ J' , (9) 
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Figure 1: Vertex V with the surrounding attributed currents J, J', $, 

with the primitive "zero - curvature" condition: 

■ w = ■ u . (10) 

Surely, invertible elements u,w,u,W are treated as the parameters of the vertex 
V. Note also that this is not unique choice of V{J, J', <&, $'), we may for example 
suppose two of the currents to be independent. Such cases we do not investigate 
here. 

Consider now the Baxter - type correspondence. Let the outer currents 
be x,y, z,x' ,y' , z' as it is shown in fig. ^ Left ~ hand side is drawn in fig. 
(H). There Jk,Jf^,^k, ^'k are connected by Conservation of the currents for 
closed field is 

Jl + *2 + 4 = , (11) 

and given outer currents are 

J'l = X, $2 = Js ^ z, 
J2 + % ^ x', $1 + $3 - , + J2 = z'. (12) 

These with (^) give the following system: 

u^^ ■ Wi ■ X + U2 ■ ■ y + ^3^"'^ • W3 ■ z = , 
x' — iu2^ ■ y — iu^ ■ z , 
y' = —iui-x + iw^-z, 

z' = iwi ■ x ~ iw2^ ■ y ■ (13) 

Thus two of the currents are independent, and the rest four one can express in 
terms of the independent. 

Analogous consideration for the right - hand side with primed parameters 
of the vertices dives 

w^^ ■ Ui ■ x' + W2 ■ ■ y' + u'^^ ■ ■ z' — , 
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Figure 2: Baxter - type equivalence of two graphs formed by the vertices Vij 
in Ihs and by Vij in rhs and outer currents x, y, z, x', y', z'. 




Figure 3: The left - hand side with the currents attributed to each vertex. 
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X = ■ y ~ lu^ ■ z , 

y — —iui-x' + iw^-z', 

z = iwi ■ x' — ■ y' ■ (14) 



Let now rhs (14) be equivalent to Ihs (13[). This gives eight equations for the 



parameters of 14 and Vk ■ The solution is following: introduce 

Ai — U^^ ■ Wi + U^^ ■ Ui + U2 ■ Wi , 
A2 = 1*2 • W2^ + W^^ ■ U2^ + U^^ ■ W2^ 

A3 = W^"^ ■ U3 + W2 • U3 + W^"^ ■ , (15) 

and let fii, defined up to an ambiguity Qi —>■ u) ■ 51^, obey 

fJi • [-^2^^ • A^^ • u^^] = ^2 ■ [ui ■ A^^ ■ U2] , 
^2 • [w^ ■ A^^ ■ W2] = ^3 ■ [w2^ ■ A2^ ■ w^^] , 

■ [w^ ■ A^^ -u^^] = r!i • [7/3 • A^i • Wfi] , (16) 

where any of this equations is the rather nontrivial sequence of two other, then 

= W2 ■ , ui = A^^ • w^^ , 

= A3"^ ■ W2 , ^1 = ^3"^ • ^2^ , (17) 

W2 = ^3 ■ Wj^ , "2 = ^1 • "3 ' 

TZ;2 = Wi • A3 , T12 ^ U3 ■ Aj^ , (18) 

1/73 = A^^ • u^^ , U3 = U2 ■ i^i^ , 

^3 = "f^ • ^2^^ > "^3 = ■ U2 ■ (19) 

This map has the gauge degrees of the freedom, one degree in Ihs and one in 
rhs. Namely, the system is unchanged if one change Ish as follows 

^ Ui ■ 

U2 ^ UJ 

U^->U^ ■ UJ^^ , W3 -> W3 • LO^^ , (20) 

and rhs (this is the above mentioned shift of il-s) 

u-^ Ui 

U2 ^ to ■ u. 
W3 W3 • 



-1 ^ 


Wi - 




• UJ 


"2 : 


W2 - 


LJ ■ 


W2 


-1 , 


W3 - 


-> W3 


■ LO 



1 










- 






2 J 


W2 - 


-> ci) • 


W2 , 


1 

7 


- 


^^3 


■ Lb-' 



(21) 
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Thus we obtain the map R[uj,uj), 

Ri,2A^,u) : {Vi{Lo),V2{Lo),V3iu)} ^ {Viiiu),V2{Lo),V3i^)} , (22) 



where {Vk} are given by (|2j) and the gauge ambiguity is expressed via the 
dependence of R on to, uj. This R gives the correspondence between two "one 
dimensional" orbits in the spaces of in- and out state spaces. A fixing of the 
gauge means a rule comparing points on these orbits. Thus in FTE there exist 
three-parameters in-orbit and three-parameters out-orbit. Even if the points on 
in- and -out orbits of the quadrilateral are fixed, there still are one-parameter 
freedoms in left and right hand sides of FTE. 

3 Partial cases 

Mention now a possible algebraization of the system ([l7|-[l9|). Suppose the 
parameters of V12, V13 and V23 commute. Demand that the parameters of ¥12, 
V13, V23 also commute. This immediately gives 

w ■ w — w ■ w — , u ■ u — u ■ u = q^^k^ , (23) 

where fc^ is a center, and 

u ■ w = q w ■ u . (24) 

Expressions for fJ-s are 

= /-^l ■ Ar^ , ^2 = ./-^ • A- , = ■ A3- , (25) 

where / is also a center. When fc-s conserve, i. e. / = 1, the map (p"7|-pj|) can 
be realized by the known complete operator R - matrix p^ . 

To make it clear, put g = 1, i. e. u,w,u,w are numbers. Then change 

u => ku , w ~> kw , u=>k/u, W—>k/w, (26) 

Hence 

fci = fci/, ^2 - J, k ^hf, (27) 

and 

_f_ k-j W1W2 + ki W2U3 + kik2k3 U3W3 

k2 W3 

k2 U1U2W2 

f kiUlW2 + k3U2W3 + kik2k3UiW3 ' 

k2 W1W2W3 
f k3 W1W2 + ki W2U3 + kik2k3 U3W3 ' 



wi = 

Ul = 
W2 — 
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J' 








X 




x' 








J 





Figure 4: Vertex T^<a./3>, formed by two usual vertices. The currents x and x' 
become edge indices. 



U2 



W3 



k2 
f 
k2 



UIU2U3 


ks W1U2 - 


\- ki U2U3 + 


kik2k3 uiwi 




U2W2W3 




ki U1W2 - 


\- k3 U2W3 + 


fcifefca U1W3 


fcs W1U2 - 


h ki U2U3 + 


kik2k3 uiWi 


Ul 



W3 = . (28) 



If we choose / = 1, so that it is possible to put k = 1, then the map 
is explicitly the complete functional map of ZBB complex (see for a table 
of two - parameters functional maps, all the examples there are just several 
specifications of eq. (|2|) with respect to fc-s, and the case {iv) there is explicitly 
©■) 

FTE is the sequence of FTE just for k-s. Another possibility of choosing / 
is the situation when Ui = Wi = 1 is the stationary point of the map (p^), this 
gives the electric network form of /: 

/ = • (29) 

fci + fcs + fcifc2fc3 

One more possibility is to choose / as it is for the Onsager's model. 



4 A "fusion" 

Consider a double vertex formed by two vertices, Va and as it is shown in 
fig. (0). Denote this object as T^<a,/3>. Let the outer currents be J, J',$,$' 
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Fi gure 5: Intertwining relation for V<2,4> and 1^<3,5>- 



and x^x' . They obey four relations, 

J' = iu^^ ^ , = -iupj , 

X — iwpJ~iw^^^, x' — —w'^^Up J — w^u^^ ^ , (30) 

so that only two of the currents are independent. Let them be J and a;, then 

x' — —{up^+u^)wf^J — iu^x, 
J' — iu^^w^Wf^ J — u~^w^ X , 
$ = w^Wp J + iw^ X , ^' — —iup J . (31) 

Consider the transformation of a pair of such double vertices, F<2,4> and K;3,5>, 
as it is shown in fig. (|5|). In terms of R operators, this transformation is given 
by -Ri23 • ^145- One can impose an invariant condition for left and right hand 
sides of (||), namely, consider the condition when in V<^a,i3> the "edge" currents, 
X and x' , are proportional, i. e. + u„ = 0, so that x' = —iu^x. Obviously, 
if the "edge" current flows through the left hand side of (^), then it has to flow 
through the right hand side of (||). This means that if one imposes in the left 
hand side the conditions 



0, u:, + u,-' = 0, (32) 



then one obtains 



-1 



= 0, + =0, (33) 



i. e. (32) is the ideal of i?i23 ■ -Ri45. For this simple system this fact can be 
easily verified directly. 
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J 



J' 



Figure 6: The quadrat V<^a,p,'y,s>- 

Consider now more complicated case of the quadrat (see fig. (^). Call this 
object K<c(,/3,7,<5>- In this case three currents are independent, choose them be 
J, X and y. Solving the system 

X = iw^ J — iI(J^^$ , x' — iw^ J' — i wj^ $' , 
y = iuj^ ^' - iu^J , y' ^ iu^^ ^ - iu^ J' , 
w~^u^J + Wf^u^^<^ + u~^w^J' + UsWg^<^' = 0, (34) 



we obtain 



/ 

X 



J' = -w^ ^u^ixJ + iupx - iwgy) , 
<i> — WfjW^J + iwpx , $' = UgU^J - iugy , 

■ i {up^wpw^ + w^x)J - {wp^ + w^) Upx + w^Wg y , (35) 



where 



X = w^^u^ + upw^ + wgu^ . (36) 
Consider the intertwining of three copies of V^a,[3.-y,s>- 

3^1,2,3 ■ ^<ai,/3i,7i,5i> , ^<a2 , 02,72 ,^2 > ; ^<Q3 ^ft ,73 ,^3 > 

~* ^<ai,/3i,7i,(5i> , ^<Q2,/32,72,<52> ; ^<a3,/33,73,'53> ' i^'^) 

SO that 

^1,2,3 — -^cti,/32,73 ' -^<5l,72,73 ' ^Pl,P2,Pi ' ^7l,72,/33 

-^ai,a2,(53 ' -^(5i, (52,^3 ' -^/3i,a2,a3 ' -^71, (52, as • (*^^) 
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Imposing the condition of independence of a;', y' on J, we obtain the ideal of 
the corresponding comphcated 5R: 

Ws^'^d'^a + u^x = , Up^wpw^ +w^x = . (39) 

Next, ignoring the "edge" currents at all (i. e. putting them zeros), so that 

$ — wp ■ Wa ■ J — Up ■ U-y ■ J' , 

$' — Us ■ Ua ■ J — ws ■ ■ J' , (40) 
we obtain on the surface of ( |39| ) the morphism 

VcXVfj xVy xVs (41) 

where 

U = iupu^ , W = ~iwpw^ , 

U = iugu^ , W = -iwgVJ^ . (42) 

Obviously, all these manipulations resemble the fusion for the two dimensional 
models. For an operator formulation, when R ~ operators can be expressed 
in terms of quantum dilogarithms of Wi,Ui, the ideals ( |39| ) mean the operator 
projectors commuting with 5ft. 

Note that one can ignore the face currents and consider only x,y — > x' ,y' . 
Thus one obtains exactly the formulation of the free fermionic 6-vertex type, that 
was considered in [|l^. Most complete formulation is, of course, the formulation 
with the face - edge currents. 

5 Discussion 

In this notes we have proposed some algebraical toy which can be interpreted 
as a intertwining problem for the complex of i? - operators associated with 
ZBB statistical model. Obvious is only one advantage of this toy: a sort of a 
"fusion". A nonsense (or again an advantage) of this toy is also obvious: the 
gauge ambiguity. One can fix this ambiguity in different ways, so that 31? R - 
operators gain some non - quantized functional part. 

Nevertheless, we guess that our system would lead to something more general 
then known set of the solutions of the tetrahedron equation. A nai've way to 
obtain other R - matrices is to regard the elements Uk,Wk,Uk,Wk as matrices 
of the same structure, and hence noncommutative for different k-s. Give only 
one example: consider the case when 

(43) 



w 



k 
1/s 
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that is the simplest generaUzation of the pure electric network system so as the 
gauge ambiguity is canceled, then the rather nontrivial map 



is obtained. 



Si + K2 + S3 fci 

^2 — ki + k^ -\ , s'2 = ■ — ; ; 

S2 Si + K2 + S3 



si + A;2 + S3 fcs 
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